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Theorem (Brzuchowski, Cichoni, Grzegorek, Ryll-Nardzewski)
Let X - Polish space, Z C P(X) - o-ideal with Borel base. If

» 7 C I point-finite family,
ie. Vx e X {Ae€ A: x € A} is finite,
> UJ ¢1,
then there exists 7' C J such that |JJ’ is not Z-measurable,

i.e. does not belong to the o-field generated by o-ideal Z and
o-field of all Borel subsets Bor(X).
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Theorem(Fremlin, Todorcevic)

If 7 C N is a partition of [0, 1] and € > 0 then there exists
J' € J such that

MJT) <eand X ((JT) >1--

Theorem(Cichoﬁ, Ratowski, Ryll-Nardzewski, Morayne,
Zeberski)

If 7 C M is a partition of [0, 1] then there exists 7' C J such
that | J J’ is completely M-nonmeasurable.
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Set-Cover game Os ¢

Two players S and C on a set X, endowed with two families of
subsets S and C.

The player S starts the game choosing a set Sy € S and the player
C answers suggesting a countable cover Cy C C of Sp.



Set-Cover game Os ¢

Two players S and C on a set X, endowed with two families of
subsets S and C.

The player S starts the game choosing a set Sy € S and the player
C answers suggesting a countable cover Cy C C of Sp.

At the n-th inning player S selects a set S, € S with S, < Cp—1
and player C answers with a countable cover C,, € C of the set S,,.

The player C is declared the winner if (., Sn # 0.



Main result
Let Z be a o-ideal on a set X and S,C be two families of subsets

of a set X such that the player C has a winning strategy in the
game Jgs\7c. For every point-finite subfamily 7 C 7 of cardinality
0 < |J| < ¢, there exists a Cantor scheme (J5)sco<w with Jp = J
that has the following properties.
1. Forany set S C X with SNYJ ¢ Z, the set
{te2v:SNUJT: ¢ I} is a perfect subtree of the tree 2<%.
2. Forany o € 2<“ and S € S with SNU J, ¢ Z, there exist a
sequence s € 25% and aset C € C(S) with CNU Ts ¢ Z
such that the set {t € 25 : S(CNUJ J:) £ Z} is a chain in
the tree 2<%,
3. Forany o0 € 2<% and S € S with SNU J, ¢ Z, there exist a
sequence s € 2<“ and a set C € C(S) such that o C s,
CNUYUJTs¢Zand S(CNYTs) CT.



. main result ...

4. Forany 0 € 2<% and S € S(J J,) \ Z there exist a sequence
se€25“and aset C € C(SNJJTs) \ Z such that the set
{te2sv:S(CNUT:) £ I} is a chain in the tree 2<¥,

5. Forany o € 2<% and S € S(J J,) \ Z there exist a sequence
se€25“and aset C € C(SNJJTs) \Z such that either
S(C\ J) CZ forsome J e J or S(CNYT:) CZ for any
sequence t € 2<% with s C t.

6. If the family S is multiplicative and Z-Lindelof, then there
exists a decreasing sequence (X,)necw € (08)% such that

i. for every n € w and s € 2" we have S(UJs \ ,) C Z;

ii. for every S € S\ Z there exist C € C(S) \ Z such that either
S(CNX,) CTforsome neworS(C\J)CZ for some
JeJ.



Definition
Let Z be an ideal on a set X. A family A of subsets of X is called
» multilplicative iff for any A/ A e A ANA € A,
» 7-Lindelof if for any subset S C X, there exists a countable
subfamily 7 C A(S) such that A(S\UF) C Z;

» 7-ccc if each disjoint subfamily 7 C A\ Z is at most
countable.

Lemma
Let Z be an ideal on a set X and A be a family of subsets of X. If
A is T-ccc, then A is Z-Lindelof.



SCXis
» (A, 7)-measurable if there are sets A;, As € A such that
A1 gng\Ag and X\(A1UA2)€I;
» (A, 7)-saturated if for any A € A with ANS ¢ Z we have
A(ANS) € 7,
» (A\ Z)-Ramsey if for every A € A\ Z there exists B € A\ Z
such that BC ANSor BC A\S.
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Corrolary
Let Z be a o-ideal on a set X and A be an Z-winning class of
subsets of X. Let J C Z be a point-finite subfamily such that
|T| <.
1. If UJ ¢ Z, then for some J' C J the union J' is not
(A, Z)-saturated and hence is not (0.4, Z)-measurable.

2. If AUJ) € Z, then for some J' C J the union |JJ' is not
(A\ Z)-Ramsey.



Polishable families
X - topological space, A C P(X).
A is Polishable family iff for any A € A there are P4, fa, B4 such
that
1. P4 is a Polish space, B4 is a countable topological base of Py,

2. fa: Py — X is continuous and f[P4] = A,
3. {fa[B] : Be€ B} C A.

Theorem
X - Hausdorff space, A C P(X) - multiplicative Polishable family,

T C P(X) o-ideal on X. Then C has a winning strategy in O 4\7,A-



Topological space X is

» functionally Hausdorff if for any distinct x,y € X exists map
g: X = Rst. f(x)#f(y),

» analytic if X is functionally Hausdorff and there exists a
continuous surjection f : P — X for some Polish space P,

» Borel if X is functionally Hausdorff and there exists a
continuous bijection f : P — X for some Polish space P.



Examples of Polishable families

» For every analytic space X, the family ¥1(X) of analytic
subspaces is multiplicative Polishable family.

> For every Polish space X, the Borel classes £2(X), [T°(X)

[0}

and A%(X) 1 < a < B < wi are Polishable and multiplicative.

» For every Borel space X, the family Al(X) of Borel subspaces
is multiplicative Polishable family.



MB-representation
Given any family F of subsets of a set X, consider the families

So(F)={ACX:YFeF3IHeF (HCF\A)}

S(F)={ACX:VFeF3IHeF (HCFNAV HCF\A)}
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Given any family F of subsets of a set X, consider the families

So(F)={ACX:YFeF3IHeF (HCF\A)}

S(F)={ACX:VFeF3IHeF (HCFNAV HCF\A)}

Corollary
Let X be a Polish space and a pair (B,Z) be MB-representable by a

family F consisting of Borel sets. Assume that B contains all Borel
sets. Let J C Z be a point-finite family of subsets of X such that
UJ ¢ Z. Then there is a subfamily 7' C 7 such that | J’ ¢ B.



from main theorem
6. If the family S is multiplicative and Z-Lindelof, then there
exists a decreasing sequence (¥ ,)ncw € (0S)“ such that

i. for every n € w and s € 2" we have S(UJs \ ,) C Z;

ii. for every S € S\ Z there exist C € C(S) \ Z such that either
S(CNX,) CT for some n€worS(C\ J)CZ for some
JeJ.

Measure case

For any point-finite subfamily 7 C N and any € > 0 there exist a
Borel set A C [0, 1] of measure A(A) > 1 — ¢ and a finite partition
J=J1U---UJ,such that \,(ANUJ;) =0forie{1,...,n}.

Theorem(Fremlin, Todorcevic)

If 7 C N is a partition of [0,1] and £ > 0 then there exists a
partition J = J1 U J» such that A\ (|J J;) < e for i =1,2.



from main theorem
6. If the family S is multiplicative and Z-Lindelof, then there
exists a decreasing sequence (X,)ncw € (68)% such that
i. for every n € w and s € 2" we have S(UJ: \ ¥,) C T;
ii. for every S € S\ Z there exist C € C(S) \ Z such that either
S(CNX,) CT for some n€worS(C\ J)CZ for some
JeJ.

Category case

For any point-finite subfamily J C M there exists a closed
nowhere dense set D C [0, 1] such that for any neighborhood U of
D in X there exists a finite partition J = J1 U --- U J, such that
for every i € {1,...,n} the set | J J; \ U contains no non-meager
Borel subsets of [0, 1].



Thank You for Your Attention!
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